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Àííîòàöèÿ

Ðàññìàòðèâàåòñÿ ñâÿçü âîëí Òîëëìèíà-Øëèõòèíãà ñ àêóñòè÷åñêèìè âîëíàìè. Ñòàâèòñÿ

ïîä ñîìíåíèå ïðàâîìåðíîñòü äîïóùåíèÿ î íåñæèìàåìîñòè ñðåäû ïðè ðàññìîòðåíèè âîëí Òîëëìèíà-

Øëèõòèíãà â ïîãðàíè÷íîì ñëîå âÿçêîãî òåïëîïðîâîäíîãî ãàçà. Ïîëó÷åíî âîëíîâîå óðàâíåíèå,

îïèñûâàþùåå ñâÿçü àêóñòè÷åñêèõ âîëí ñ âîëíàìè Òîëëìèíà-Øëèõòèíãà, ïðåäñòàâëÿþùèìè ñîáîé

ïàðàìåòðè÷åñêèå êîëåáàíèÿ. Ïàðàìåòðîì, âîçáóæäàþùèì êîëåáàíèÿ, ÿâëÿåòñÿ äèâåðãåíöèÿ ñêîðîñòè,

îò êîòîðîé çàâèñèò ñêîðîñòü ðàñïðîñòðàíåíèÿ âîçìóùåíèé. Ïðèâîäÿòñÿ ðåçóëüòàòû âû÷èñëèòåëüíîãî

ýêñïåðèìåíòà. Ïîêàçàíî, ÷òî íà ïåðåäíåé êðîìêå ïëàñòèíû â ïîãðàíè÷íîì ñëîå ïðîèñõîäèò ðåçêèé

ñêà÷îê òåðìîäèíàìè÷åñêèõ ïàðàìåòðîâ âîçäóøíîé ñðåäû: äàâëåíèÿ, ïëîòíîñòè, òåìïåðàòóðû, à òàêæå

äèâåðãåíöèè ñêîðîñòè.
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ñêîðîñòü çâóêà, äèâåðãåíöèÿ ñêîðîñòè, ïîãðàíè÷íûé ñëîé, âÿçêèé òåïëîïðîâîäíûé ãàç.
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Abstract

The relationship of waves Tollmin-Schlichting with acoustic waves examines. The validity of the

assumption of incompressibility of the medium when considering Tollmin-Schlichting waves in the boundary

layer of a viscous heat-conducting gas is questioned. A wave equation describing the relationship of acoustic

waves with Tollmin-Schlichting waves, which are parametric vibrations, is obtained. The parameter that excites

the oscillations is the divergence of the velocity, which determines the speed of propagation of perturbations.

The results of a computational experiment are presented. It is shown that at the leading edge of the plate in the

boundary layer there is a sharp jump in the thermodynamic parameters of the air medium: pressure, density,

temperature, and velocity divergence.
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Ââåäåíèå

Â ðàáîòå [1] ýêñïåðèìåíòàëüíî óñòàíîâëåíî, ÷òî âîëíû Òîëëìèíà-Øëèõòèíãà,
âîëíû íåóñòîé÷èâîñòè â ëàìèíàðíîì ïîãðàíè÷íîì ñëîå, ãåíåðèðóþòñÿ íà ïåðåäíåé
êðîìêå ïëàñòèíû - ðèñ. 1. Òàêæå óñòàíîâëåíî [1] âëèÿíèå àêóñòè÷åñêèõ âîçìóùåíèé
íà ãåíåðàöèþ âîëí Òîëëìèíà-Øëèõòèíãà. Àâòîðû ðàáîòû [1] ñôîðìóëèðîâàëè îäèí
èç êëþ÷åâûõ âîïðîñîâ ïðîáëåìû âîñïðèèì÷èâîñòè ïîãðàíè÷íîãî ñëîÿ: ¾êàê ìîãóò
âîçáóäèòüñÿ âîëíû Ò-Ø, èìåþùèå ôàçîâóþ ñêîðîñòü, ðàâíóþ ∼0,3�0,4 ñêîðîñòè
âíåøíåãî ïîòîêà, àêóñòè÷åñêèìè âîëíàìè, ñêîðîñòü ðàñïðîñòðàíåíèÿ êîòîðûõ íà
1�2 ïîðÿäêà âûøå, èëè âíåøíåé òóðáóëåíòíîñòüþ, ðàñïðîñòðàíÿþùåéñÿ ïðèìåðíî ñî
ñêîðîñòüþ îñíîâíîãî ïîòîêà?¿

Ðèñ. 1. Ðèñóíîê èç ðàáîòû [1]

Óðàâíåíèå, îïèñûâàþùåå âîçíèêíîâåíèå âîëí Òîëëìèíà-Øëèõòèíãà, óðàâíåíèå
Îððà-Çîììåðôåëüäà, ïîëó÷åíî â ïðåäïîëîæåíèè íåñæèìàåìîñòè ñðåäû [2]. Âîçíèêàåò
âîïðîñ î ïðàâîìåðíîñòè ýêñòðàïîëÿöèè äîïóùåíèÿ î íåñæèìàåìîñòè ñðåäû, ñïðàâåäëèâîãî
äëÿ æèäêîñòåé, íà âÿçêèé òåïëîïðîâîäíûé ãàç. Â ðàáîòå [3] ïîêàçàíî, ÷òî ïðè
ðàññìîòðåíèè âîçíèêíîâåíèÿ òóðáóëåíòíîñòè íåîáõîäèìî ó÷èòûâàòü ñæèìàåìîñòü ñðåäû.

Ïîêàæåì, ÷òî óðàâíåíèå, îïèñûâàþùåå ñâÿçü âîëí Òîëëìèíà-Øëèõòèíãà ñ
àêóñòè÷åñêèìè âîëíàìè, âûâîäèòñÿ èç óðàâíåíèé, ó÷èòûâàþùèõ ñæèìàåìîñòü ñðåäû.

1. Âûâîä óðàâíåíèÿ

Äëÿ âûâîäà ïðèâëå÷åì óðàâíåíèå Íàâüå-Ñòîêñà, óðàâíåíèå äëÿ ïóëüñàöèé
äàâëåíèÿ, óðàâíåíèå íåðàçðûâíîñòè. Óðàâíåíèÿ ïðèâåäåíû â ðàáîòå [4].

Ðàññìîòðèì ðàñïðîñòðàíåíèå ìàëûõ âîçìóùåíèé ñêîðîñòè, äàâëåíèÿ è ïëîòíîñòè.
Âûïîëíèì ñëåäóþùèå ïðåîáðàçîâàíèÿ. Óðàâíåíèå Íàâüå-Ñòîêñà ïðîäèôôåðåíöèðóåì
ïî âðåìåíè ∂

∂t
, óðàâíåíèå äëÿ äàâëåíèÿ ïðîäèôôåðåíöèðóåì îïåðàòîðîì íàáëà

∇ = i ∂
∂x

+ j ∂
∂y

+ k ∂
∂z
, ïîäñòàâèâ â íåãî ïðîèçâîäíóþ ïëîòíîñòè èç óðàâíåíèÿ

íåðàçðûâíîñòè. Ïîäñòàâëÿÿ ïîëó÷åííîå óðàâíåíèå äëÿ äàâëåíèÿ â óðàâíåíèå Íàâüå-
Ñòîêñà, ïðåíåáðåãàÿ âåëè÷èíàìè âòîðîãî ïîðÿäêà ìàëîñòè, ïðåíåáðåãàÿ ÷ëåíàìè
ñ âÿçêîñòüþ è òåïëîïðîâîäíîñòüþ, îòâåòñòâåííûìè çà äèññèïàöèþ ýíåðãèè, ïîñëå
ñîîòâåòñòâóþùèõ ïðåîáðàçîâàíèé, ïîëó÷èì ñëåäóþùåå âîëíîâîå óðàâíåíèå

∂2V

∂t2
=

(
a2s +

4

3
(k − 1)νdivV

)
grad divV, (1)

ãäå V � âåêòîð ñêîðîñòè, as � àäèàáàòíàÿ ñêîðîñòü çâóêà, ν � êîýôôèöèåíò
êèíåìàòè÷åñêîé âÿçêîñòè, k � ïîêàçàòåëü àäèàáàòû.

Äåéñòâèòåëüíî, ðàññìîòðèì ñëó÷àé, êîãäà ñêîðîñòü èìååò ïîòåíöèàë ϕ

V = −gradϕ, (2)

ãäå ϕ - ïîòåíöèàë ñêîðîñòè.
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Ïîäñòàâëÿÿ (2) â óðàâíåíèå (1), ó÷èòûâàÿ, ÷òî [5]

div gradϕ = ∇2ϕ, (3)

ãäå ∇2 = ∂2

∂x2 +
∂2

∂y2
+ ∂2

∂z2
- îïåðàòîð Ëàïëàñà,

ïîñëå ïðåîáðàçîâàíèé ïîëó÷èì

∂2ϕ

∂t2
=

(
a2s −

4

3
(k − 1)ν∇2ϕ

)
∇2ϕ. (4)

Óðàâíåíèå (4) ïðåäñòàâëÿåò ñîáîé âîëíîâîå àêóñòè÷åñêîå óðàâíåíèå äëÿ
ïîòåíöèàëà ñêîðîñòè è îòëè÷àåòñÿ îò êëàññè÷åñêîãî âîëíîâîãî óðàâíåíèÿ òåì, ÷òî
ñêîðîñòü çâóêà çäåñü çàâèñèò îò ïîòåíöèàëà ñêîðîñòè

a2 = a2s −
4

3
(k − 1)ν∇2ϕ. (5)

Íî òàê êàê êîýôôèöèåíò êèíåìàòè÷åñêîé âÿçêîñòè ÿâëÿåòñÿ ìàëîé âåëè÷èíîé
(äëÿ âîçäóõà ν = 1,5 · 10−5 ì2/ñ, ïîêàçàòåëü àäèàáàòû k = 1,4), â áîëüøèíñòâå ñëó÷àåâ
âòîðûì ÷ëåíîì â (5) ìîæíî ïðåíåáðå÷ü.

Ïîëîæåíèå ìåíÿåòñÿ ïðè äâèæåíèè â ïîãðàíè÷íîì ñëîå, ãäå òå÷åíèå íå ÿâëÿåòñÿ
ïîòåíöèàëüíûì è íåîáõîäèìî ðàññìàòðèâàòü âîëíîâîå óðàâíåíèå â âèäå (1). Âîçíèêàåò
âîïðîñ: êàê áóäóò èçìåíÿòüñÿ ïëîòíîñòü è äèâåðãåíöèÿ ñêîðîñòè?

2. Âû÷èñëèòåëüíûé ýêñïåðèìåíò

Îïèñàíèå ìàòåìàòè÷åñêîé ìîäåëè è ÷èñëåííîãî ìåòîäà ïðèâåäåíî â ðàáîòå [3].

Ðàñ÷åò âûïîëíÿëñÿ äëÿ âîçäóõà. Ìàêñèìàëüíàÿ ñêîðîñòü ïîòîêà ïðèíèìàëàñü
ðàâíîé 5,6 ì/ñ. Ïåðåäíÿÿ êðîìêà ïëàñòèíû ðàñïîëàãàåòñÿ ñ óçëà i = 6. Â êà÷åñòâå
ãðàíè÷íûõ óñëîâèé çàäàâàëîñü ïîñòîÿííîå ðàñïðåäåëåíèå äàâëåíèÿ è òåìïåðàòóðû
íà âõîäíîé è âûõîäíîé ãðàíèöàõ. Íà íèæíåé è âåðõíåé ãðàíèöàõ äëÿ äàâëåíèÿ è
òåìïåðàòóðû çàäàâàëèñü ãðàäèåíòíûå ãðàíè÷íûå óñëîâèÿ.

Àíàëèçèðîâàëîñü ðàñïðåäåëåíèå äàâëåíèÿ, ïëîòíîñòè, òåìïåðàòóðû è äèâåðãåíöèè
ñêîðîñòè âäîëü ïëàñòèíû â ïîãðàíè÷íîì ñëîå.

Íà ðèñ. 2 è 3 ïðèâåäåíû ïðîôèëè ñêîðîñòåé u è v â ïîãðàíè÷íîì ñëîå. Èç ðèñ. 3à
ñëåäóåò, ÷òî íà ïåðåäíåé êðîìêå ïëàñòèíû ïðîèñõîäèò ðåçêîå èçìåíåíèå ñêîðîñòè v.

à) âäîëü ïëàñòèíû; á) â ïîïåðå÷íîì ñå÷åíèè;

Ðèñ. 2. Èçìåíåíèå ñêîðîñòè u âîçäóõà â ïîãðàíè÷íîì ñëîå â ìîìåíò âðåìåíè n=20
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à) âäîëü ïëàñòèíû; á) â ïîïåðå÷íîì ñå÷åíèè;

Ðèñ. 3. Èçìåíåíèå ñêîðîñòè v âîçäóõà â ïîãðàíè÷íîì ñëîå â ìîìåíò âðåìåíè n=20

Íà ðèñ. 4,5,6 ïðèâåäåíû ãðàôèêè èçìåíåíèÿ äàâëåíèÿ, ïëîòíîñòè è òåìïåðàòóðû
âäîëü ïëàñòèíû. Íà ïåðåäíåé êðîìêå ïëàñòèíû ïðîèñõîäèò ðåçêèé ñêà÷îê ýòèõ
ïàðàìåòðîâ.

Ðèñ. 4. Èçìåíåíèå äàâëåíèÿ p âîçäóõà â ïîãðàíè÷íîì ñëîå âäîëü ïëàñòèíû
â ìîìåíò âðåìåíè n=20

Ðèñ. 5. Èçìåíåíèå ïëîòíîñòè ρ âîçäóõà â ïîãðàíè÷íîì ñëîå âäîëü ïëàñòèíû
â ìîìåíò âðåìåíè n=20
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Ðèñ. 6. Èçìåíåíèå òåìïåðàòóðû T âîçäóõà â ïîãðàíè÷íîì ñëîå âäîëü ïëàñòèíû
â ìîìåíò âðåìåíè n=20

Íà ðèñ. 7 ïðèâåäåí ãðàôèê èçìåíåíèÿ äèâåðãåíöèè ñêîðîñòè âäîëü ïëàñòèíû. Íà
ïåðåäíåé êðîìêå ïëàñòèíû ïðîèñõîäèò ðåçêèé ñêà÷îê ýòîé âåëè÷èíû ñ îòðèöàòåëüíûì
çíàêîì.

Ðèñ. 7. Èçìåíåíèå äèâåðãåíöèè ñêîðîñòè divV âîçäóõà â ïîãðàíè÷íîì ñëîå
âäîëü ïëàñòèíû â ìîìåíò âðåìåíè n=20

Ïîëó÷åííûå ðåçóëüòàòû ñòàâÿò ïîä ñîìíåíèå ïðàâîìåðíîñòü äîïóùåíèÿ î
íåñæèìàåìîñòè ñðåäû ïðè àíàëèçå âîçíèêíîâåíèÿ âîëí Òîëëìèíà-Øëèõòèíãà, êîòîðîå
ïðåäïîëàãàåò, ÷òî

divV = 0. (6)

Íà ïåðåäíåé êðîìêå ïëàñòèíû äèâåðãåíöèÿ ñêîðîñòè ïðèíèìàåò çíà÷åíèå ïîðÿäêà
divV = −800 (ñìîòðè ðèñ. 7).

Äèâåðãåíöèÿ ñêîðîñòè âõîäèò â êà÷åñòâå ïàðàìåòðà â ôîðìóëó äëÿ ñêîðîñòè çâóêà
â ïîëó÷åííîì âîëíîâîì óðàâíåíèè (1). Çàïèøåì åãî, ó÷èòûâàÿ, ÷òî [5]

grad divV = ∇2V+ rot rotV, (7)

â âèäå
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∂2V

∂t2
=

(
a2s +

4

3
(k − 1)νdivV

)
·
[
∇2V+ rot rotV

]
. (8)

Âûðàæåíèå â êðóãëûõ ñêîáêàõ ïðåäñòàâëÿåò ñîáîé ñêîðîñòü ðàñïðîñòðàíåíèÿ
âîçìóùåíèé

a2 = a2s +
4

3
(k − 1)νdivV. (9)

Ýêñïåðèìåíòàëüíûå äàííûå î ãåíåðàöèè âîëí Òîëëìèíà-Øëèõòèíãà, ïîëó÷åííûå
â ðàáîòå [1], è ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà î õàðàêòåðå èçìåíåíèÿ
äèâåðãåíöèè ñêîðîñòè íà ïåðåäíåé êðîìêå ïëàñòèíû � ðèñ. 7, ïîçâîëÿþò ðàññìàòðèâàòü
âîëíû Òîëëìèíà-Øëèõòèíãà êàê ïàðàìåòðè÷åñêèå êîëåáàíèÿ. Ïàðàìåòðîì, âîçáóæäàþùèì
êîëåáàíèÿ, ÿâëÿåòñÿ äèâåðãåíöèÿ ñêîðîñòè, îò êîòîðîé çàâèñèò ñêîðîñòü ðàñïðîñòðàíåíèÿ
âîçìóùåíèé.

Çàêëþ÷åíèå

Ïîêàçàíî, ÷òî ïîëó÷åííîå âîëíîâîå óðàâíåíèå îïèñûâàåò àêóñòè÷åñêèå âîëíû
è âîëíû Òîëëìèíà-Øëèõòèíãà, ïðåäñòàâëÿþùèå äëÿ âÿçêîãî òåïëîïðîâîäíîãî ãàçà
ïàðàìåòðè÷åñêèå êîëåáàíèÿ, âîçíèêàþùèå â ïîãðàíè÷íîì ñëîå íà ïåðåäíåé êðîìêå
ïëàñòèíû. Ïàðàìåòðîì, âîçáóæäàþùèì êîëåáàíèÿ, ÿâëÿåòñÿ äèâåðãåíöèÿ ñêîðîñòè, îò
êîòîðîé çàâèñèò ñêîðîñòü ðàñïðîñòðàíåíèÿ âîçìóùåíèé.
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